Abstract -A 5-degree of freedom (DOF) 5-UPS/PRPU parallel machine tool (PMT) with redundant actuation is introduced. The characteristic of the PMT is described. Based on the conventional Lagrange Equation, the dynamic formulation of this PMT with redundant actuation is derived. A novel force distribution method is proposed for redundant actuation. The constraint couple of the PRPU limb to the moving platform is deduced with the D' Alembert's principle. Then, the dynamic calculation of the redundant actuation limb is performed. Thus, the inverse dynamic solution can be derived. With ADAMS software, the three-dimensional entity model of the PMT is built and the dynamic simulations are carried out through some typical motion. The simulation results are consistent with the theoretical calculation, which proves the correctness of the theoretical deduction and the feasibility of the simulation analysis.
I. INTRODUCTION
Parallel manipulators have drawn continuous interest in both academia and industry in the last few decades. The reason is their advantages compared to serial ones: higher payload-to-weight ratio, higher structural rigidity, location of motors at or close to the base and simpler of the inverse displacement problem. However, like every other type of mechanism, these parallel manipulators have some drawbacks: limited workspace, complexity of singularity and low accuracy, which have prevented parallel machines from industrial application. Fortunately, redundant actuation provides an effective way to overcome some of the aforementioned disadvantages of parallel machines.
A manipulator with redundant actuation is one with more actuators than the required number of its degrees of freedom. There are two types of parallel manipulator with redundant actuation [1] . One is replacing the passive joints of the limbs in the existing system with active ones, the other is adding additional limbs. Actuation redundancy in manipulators with closed-loop kinematic chains, i.e. parallel machines, is mainly introduced to eliminate singularities within the workspace [2] , increase the structure stiffness, and to improve the motion accuracy and dynamic performance [3] [4] . However, most of these studies focused on planar parallel manipulators, whereas redundant actuation on spatial parallel machines [5] to improve the dynamic performance is seldom investigated.
Dynamics play an important role in the application of parallel machines with redundant actuation. In order to investigate the dynamic characteristic of the parallel machines, dynamic model must be built up firstly. Systematic dynamic analysis of parallel mechanism was carried out by many scholars [6] [7] [8] . Several approaches, i.e. the Lagrangian method, Newton-Euler, Kane's method and virtual work principle method, have been applied to the dynamics analysis widely. For the parallel manipulators with redundant actuation, it should be noticed that the number of the unknown quantities is larger and the solution for the inverse dynamics is infinite. So much attention should be focused on the model accuracy, computation efficiency and optimization strategy [9] [10] of the actuating torques.
In this paper, a novel 5-DOF fully parallel machine tool (PMT) with redundant actuation developed by Yanshan University is introduced. The structure of this paper is as follows. Following the introduction, section II describes the characteristic of the 5-UPS/PRPU PMT with redundant actuation. In section III, the dynamic formulation of this 5-DOF redundantly actuated PMT is derived by the Lagrange equation. A novel force distribution method is proposed for redundant actuation. The dynamic calculation of the redundant actuation limb is performed. Thus, the inverse dynamic solution can be derived. Some numerical examples of dynamics with MATLAB software and dynamic simulation with ADAMS software for this 5-DOF PMT with redundant actuation are given respectively in section IV and section V. The paper is concluded in section VI, summarizing the present work.
II. STRUCTURE DESCRIPTION
The 5-UPS/PRPU PMT, can perform three translational DOFs and two rotational DOFs. The moving platform and the stationary platform are connected by five UPS limbs and the PRPU limb. The PRPU limb is a constraint limb, which restricts the rotation of the moving platform around its-self normal axis. It includes two prismatic pairs, a revolute pair and a universal pair. This parallel machine tool has the following prominent characteristics: The pose of the moving platform can be denoted by the direct analytical formula expression of joint variables of the PRPU limb; the pose of the cutter can be measured and calculated in real time if we install sensors on every joint of the PRPU limb; due to the milling moment can be endured by the middle PRPU limb, the driving force of the UPS limbs can be reduced, et al.
In order to improve the dynamic performance and the precision, redundant actuation is introduced into this parallel machine tool. Replacing the first prismatic pair of the passive PRPU limb with active one, a novel redundantly actuated PMT is constructed, as shown in Fig. 1 .
The mechanism diagram of the 5-UPS/PRPU PMT with redundant actuation is shown in Fig. 2 Dynamics plays an important role in the performance of PMT, especially for the high-speed PMT with redundant actuation. Therefore, it is necessary to derive the dynamic model prior to the implementation of control algorithms. Due to the closed-loop structure and kinematics constraints, the dynamic modeling of parallel mechanism presents an inherent complexity. The dynamics of redundantly actuated PMT are achieved based on the analysis of non-redundant PMT. However, they are much more complicated due to redundant actuation.
With the simple expression and explicit formulation, the Lagrangian method is adopted to obtain the dynamics model of the 5-UPS/PRPU PMT with redundant actuation.
As a non-conservative system, the Lagrange equation can be written as
Where L T V = − is the Lagrangian function, T and V are the kinetic energy and the potential energy of the system respectively; k q is the generalized coordinate and here
which denotes the position and orientation parameters of the moving platform of the PMT; ( , , , , )
k Q is the non-conservative generalized force corresponding to the generalized coordinates.
The whole system of PMT is separated into three parts, including the UPS driving limbs, the moving platform and the middle PRPU constraint limb. Furthermore, the UPS limb is subdivided into the sway stem, ball screw and extension stem. The constraint limb is subdivided into five parts: the ball screw, the glide block, the rotation pole, the locomotion pole and the universal pair. According to the structure characteristics of the PMT, the following steps will be used to build the dynamic model. Here, all the kinematic parameters are described relative to the fixed Cartesian frame {A}.
A. Kinetic Energy
The kinetic energy T of the PMT system is constitute of three parts, including the kinetic energies of the moving platform, the UPS limbs and the PRPU constraint limb.
The kinetic energy of the moving platform can be written as
Where c
ω and c J are the mass, the linear velocity, the angular velocity and the moment of inertia of the moving platform.
For the UPS driving limb, the movement of sway stem involves the rotation of the universal pair only, while the ball screw rotates not only around the axis of itself, but also around the axis of universal pair with the sway stem together. The extension stem involves the locomotion along the UPS limb's axis and the rotation around the center point of the universal pair. Thus, the kinetic energy of the UPS limbs is obtained as follows: 
Where ( ) For the PRPU limb, the solving for kinetic energy is separated into five parts. Firstly, the kinetic energy of the glide block is 2 6 1 2
Where p m is the mass and 6 l is the velocity of the glide block. Secondly, the movement of rotation pole includes the mobility along A Z axis and the rotation around A Z axis. So the kinetic energy can be described as Fifthly, the mass and moment of inertia of the universal pair are relatively small. Just considering the moving energy and neglecting the rotating energy, the kinetic energy is described as
Where h m is the mass and s V is the moving velocity of the universal pair. Therefore, the kinetic energy of the PRPU limb is the sum of these five parts:
According to the analysis above, the kinetic energy of the PMT system is 
B. Potential Energy
The potential energy is related to the chosen coordinate frame. Here, the YOZ plane of the fixed frame {A} is selected as the zero potential energy plane.
The potential energy of the moving platform is
For the UPS limb, the solving of potential energy consists of two parts. One part is composed of sway stem and the ball screw, the centroid pose of which doesn't change along UPS limb; the other one is the extension stem, the centroid pose of which changes along UPS limb with the movement of the moving platform. Thus, the potential energy of these two parts can be described as Then, the potential energy of UPS limbs is
For the PRPU limb, the potential energy can be obtained as Where 0 a is the x coordinate of the glide block; 4 c is the x coordinate of the screw centroid; 10 L is the distance between the centroids of the glide block and the rotation pole; 20 L is the distance between the centroids of locomotion pole and the universal pair; 7 x n is the x component of unit vector 7 n of PRPU limb. Then, the potential energy of the PMT system can be written as From the derivation above, we can get both the kinetic energy and the potential energy of the PMT system. They all can be expressed by the generalized coordinate k q .
Consequently, the Lagrange function is denoted as
C. Equivalent generalized force
The equivalent generalized force corresponding to the non-conservative forces acting on 5-UPS/PRPU PMT with redundant actuation will be calculated in this section. Assuming that friction forces at the joints are negligible, the non-conservative forces mainly include the driving force and the machining resistance.
Based on the principle of virtual work, the expression of the equivalent generalized force 1 Q corresponding to the driving force f can be obtained as
Where [ ] (23) and (24), we can obtain the expression of
Thus, substituting (22) and (25) into (1), the dynamics equation of the 5-UPS/PRPU PMT with redundant actuation can be obtained neglecting the effect of friction factors etc..
D. Driving force optimization
Since the PMT has one redundant actuator and From the point of control system, the optimization strategy of the driving force is discussed in this section. Usually, in all possible solutions of (1), a solution subjected to a certain criterion can be found to optimize the driving force. However, force optimization from the dynamic formulation of a redundantly actuated parallel manipulator will result in a very tedious routine and not efficient in practical real-time control.
In this paper, a relatively simple optimization method is proposed. Instead of the whole PMT, the moving platform is selected as the force optimizing object. First, according to the kinematics parameters of the PMT, dynamics of the moving platform can be formulated with the D' Alembert's principle. Then, optimizing forces of each limb acting on it by a certain criterion. Finally, according to the optimization result, each limb can be seen as a independent unit to analyse its dynamics and the driving force can be eventually obtained. By this way, the friction forces or friction torques in the joints also can be taken into account in the dynamic analysis in a real application because of the simple structure of the single limb.
For the 5-UPS/PRPU PMT with redundant actuation, the force optimization steps based on the control strategy are as follows. The redundant actuation limb is controlled in force mode while the other 5 UPS limbs are in position mode. So, the dynamics of middle PRPU limb need to be analysed emphatically in order to get the redundant driving force 6 f .
The redundant force planning steps are shown in Fig. 3 . Fig. 3 Block diagram of the redundant force planning
In this paper, redundant driving force is planned mainly to overcome the creeping problem of PRPU limb due to the big inertia mass. It can be expressed as
Where m′ is the mass of the PRPU limb, z a is the acceleration of the moving platform along Z A axis and N f is the friction force of the PRPU limb along Z A axis.
Substituting the value of 6 f into the Lagrange dynamic equation (1) of the whole PMT, all the driving forces can be obtained. This redundant force planning method is simple and the computation efficiency can satisfy real time control in application. For the inertia force, the friction force and the external force along Z A axis are undertaken by the redundantly actuating branch, the amplitude of driving force by UPS limbs will be decreased. Therefore, the PMT can get better dynamic performance.
IV. NUMERICAL EXAMPLES
Based on the dynamics model derived above, a program which implements the suggested algorithm is developed in MATLAB to solve the inverse dynamics of the 5-UPS/PRPU PMT with redundant actuation. Assuming that there is no external force and moment acting on the moving platform, following examples are solved to illustrate the simulation.
For the first example, we consider that the center of moving platform moves along a circle trajectory in YZ plane of Cartesian frame {A} with 0 α β = = . The movement equation is set to be 1.019 0.15sin 0.15cos
Where ω is angular velocity and here The corresponding varying curves of the driving forces are depicted in Fig. 6 . From the curves in Fig. 6 , the driving force amplitude of each limb changes gently. Therefore, the dynamic performance with the change of orientation parameter β is better than that with the change of α . 
V. DYNAMICS SIMULATION
ADAMS software is adopted for the dynamics simulation of this redundantly actuated PMT. First of all, entity model of the PMT is set up in ADAMS. Then, the dynamic simulation is carried out.
The typical motion trajectories planned in section IV are adopted for the dynamic simulation in ADAMS to validate the effectiveness of the theoretical modeling and analysis. The corresponding driving forces obtained from the simulation are illustrated from Fig. 7 to Fig. 9 . Compared with the calculated results from Fig. 4 to Fig. 6 , it can be seen that the simulation data is consistent with the theoretical value obtained according to the Lagrange formulation, which proves the validity of the dynamic model and the effectiveness of the simulation analysis. One of the characteristics of the Lagrange formulation approach is that it avoids the calculation of constraint force/moment and constraint inverse force/moment, which improves the efficiency of dynamics calculation and makes the method suitable for application in real-time control. However, the constraint force/moment may affect the local performance of the mechanism. Fortunately, Dynamic simulation with ADAMS software provides an effective way to obtain these data. After verifying the correctness of the entity model in ADAMS, friction forces at each joint also can be taken into consideration. For the limitation of this paper, the comparison of dynamic performance between the redundantly actuated PMT and the corresponding nonredundant one will be introduced in the future work.
VI. CONCLUSION
In this article, the dynamics analysis of 5-UPS/PRPU PMT with redundant actuation has been investigated. The dynamics formulation is derived using Lagrange Equation approach, which lays theoretical foundation for the research of dynamic performance and real-time control of the PMT. A novel force distribution method is introduced for redundant actuation. Some numerical examples are given and the driving forces are obtained by the inverse dynamic solution. With ADAMS software, the three-dimensional entity model of the PMT is built and the dynamic simulations are carried out through some typical motion. The simulation results are consistent with the theoretical calculation, which proves the correctness of the theoretical deduction and the feasibility of the simulation analysis. The contents of this paper is helpful for the practical application of redundantly actuated PMT.
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